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The drift behavior of two-armed spirals induced by periodic advective field and periodic modulation of
excitability is investigated. It is shown that the two-armed spirals controlled by periodic advective field and
periodic modulation of excitability drift in completely different ways. For periodic advective field, the two tips
of the two-armed spiral drift in the same direction and the two-armed spiral is stable. While for periodic
modulation of excitability, the two tips drift in the opposite direction and the two-armed spiral splits into two
single-armed spirals. Analytical results based on a kinematic theory of rotating spirals in weakly excitable
media are consistent with the numerical results.
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I. INTRODUCTION

Spiral waves are known to exist in spatially distributed
chemical and biological systems belonging to the class of
excitable media �1–5�. A spiral wave is a self-sustained wave
that rotates freely or around some obstacle. In cardiology, it
is thought that spiral waves are responsible for many danger-
ous cardiac arrhythmias and are precursors of ventricular fi-
brillation and subsequent sudden death �6–10�. Thus, it is
important to know how to control spiral waves so that we
can prevent or suppress them.

Multiarmed spiral is an ensemble of same-chirality spiral
waves whose tips are separated by less than a core diameter
�11–19�. They have been observed in Belousov-Zhabotinsky
�BZ� reaction �11�, Dictyostelium discoideum �14�, the
whole rabbit heart �15�, two-dimensional cultured heart tis-
sue �16�, and a variety of numerical reaction-diffusion mod-
els of excitable media �18,19�.

In the study of the control of spiral waves, an active field
of recent investigation concerns the resonant drift of the spi-
ral core induced by periodic forcing �20� and advective field
�21�. For spiral waves, resonant drift corresponds to a net
drift of the rotation centers along a straight line. Agladze et
al. �22� reported the first experimental observation of a drift
of spiral waves during periodic modulation of the excitability
of an excitable medium with a frequency close to the nature
rotation frequency of the spiral waves. In the presence of a
dc electric field, Steinbock et al. �23� showed that the center
of spiral waves in the BZ reaction drifts with a velocity
whose two components are parallel and perpendicular to the
applied field. In Ref. �24�, Muñuzuri et al. observed that the
spiral in the BZ reaction undergoes a directional drift when
the frequency of an ac electric field is twice that of the spiral
frequency. However, all these works considered only one-
armed spirals while the drift of multiarmed spirals induced
by external actions has not been investigated yet. In this
paper, we will investigate the drift of two-armed spirals un-
der the influence of periodic advective field and periodic
modulation of excitability.

II. NUMERICAL RESULTS

All observations were made in numerical simulations in a
modified FitzHugh-Nagumo model �25�. This model consists
of an activator variable u and an inhibitor variable v, which
evolve according to

�u

�t
=

f�u,v�
�

+ �2u , �1�

�v
�t

= g�u,v� , �2�

where f�u ,v�=u�1−u��u− �v+b� /a� and g�u ,v�=u−v char-
acterizing the dynamics of the medium; the constant � de-
notes the ratio of characteristic time scales of the activator
and inhibitor variables; the parameters a and b represent the
slope of the u nullcline and the excitation threshold.

A. Two-armed spirals

Numerical simulations are carried out on 1000�1000
grid points employing the explicit Euler method. The space
and time steps are �x=�y=0.1826 and �t=0.005, respec-
tively. No-flux conditions are imposed at the boundaries. A
two-armed spiral is initiated by superimposing snapshots of a
single-armed spiral in equally spaced phases �19�. In Fig. 1,
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FIG. 1. �Color online� Tip trajectories of two-armed spiral
waves. �a� b=0.245, �b� b=0.24, �c� b=0.22, �d� b=0.2, �e� the
initial phases of two spiral tips �1

0 and �2
0 of a counterclockwise

rotating two-armed spiral. The tip of the spiral wave is defined as
the intersection of contour lines u=0.3 and v=0.3.
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the dynamics of two-armed spiral waves is investigated by
varying b and fixing �=0.02 and a=1.1. One can see that for
b�0.21, the initial two-armed spiral is not stable and will
decay into two single-armed spirals, for more details, see
Fig. 1�a� of Ref. �26�. It was shown in �26� that the average
period, as an important quantity of multiarmed spiral, must
be larger than a threshold for stable multiarmed spiral. The
average period of the two-armed spiral decreases as we di-
minish b �26�. Once the average period is lower than a
threshold �where b=0.21�, the two-armed spiral will not be
stable any more, and it will decay into two single-armed
spirals �see Fig. 1�d��. In Ref. �19�, the authors explore the
phase diagram of multiarmed spiral in the plane of param-
eters a-b; the multiarmed spiral state exists only in a stripe-
like region. In this paper, we choose �=0.02, a=1.1, and b
=0.24 for all simulations. For these parameters, the excitabil-
ity of systems �1� and �2� is weak and the system has a
rigidly rotating two-armed spiral solution �see Fig. 1�b��. The
initial phases of two spiral tips � j

0 �j=1,2, �2
0−�1

0��� of a
rigidly rotating two-armed spiral are defined in Fig. 1�e�.

B. Periodic advective field

Now we investigate the response of a two-armed spiral
under the influence of a periodic advective field. In the pres-
ence of a periodic advective field E=Ef cos��et+	� which
couples to the activator u, the activator reaction-diffusion
equation becomes

�u

�t
=

f�u,v�
�

+ �2u + E
�u

�x
. �3�

In Refs. �24,27,28�, it was shown that a rigidly rotating
single-armed spiral drifts when the frequency of the periodic
advective field is twice that of the single-armed spiral, i.e.,
�e=2�0 ��0 is the angular frequency of the spiral and it will
change under external actions�. So, we will consider the in-
fluence of a periodic advective field with �e=2�0 on the
dynamics of a two-armed spiral firstly. Our numerical simu-
lations show that the two tips of the two-armed spiral drift in
the same direction and the two-armed spiral is still stable.
The corresponding trajectories of the two tips are shown in
Fig. 2�a�. 
1 and 
2 are the drift directions of the two tips,
respectively. There is a small difference between the 
1 and

2. This is due to the fact that the two tips are not separated
in equal phase precisely because of the discreteness of time
and space in numerical simulations.

The two-armed spiral will drift in different directions
when we change the initial phases of spiral tips � j

0, as shown
in Figs. 2�b�–2�d�. One can see that the change of drift di-
rection 
 j �j=1,2� is twice as much as that of � j

0, i.e.,
��
 j�=2��� j

0�, see Fig. 2�b� for details. Thus ��
 j�=2� if
��� j

0�=�; this means that the drift direction 
 j keeps invari-
ant when the change of � j

0 is � �or −�� �see Figs. 2�c� and
2�d��.

In above discussions, only resonant drift ��e=2�0� of
two-armed spirals under periodic advective field are investi-
gated. It is also interesting to study what happens when two-
armed spirals are induced by a periodic advective field with
�e�2�0. Our numerical results show that the two-armed

spiral do not drift under periodic advective field with �e
�2�0. For examples, we give the dynamics of a two-armed
spiral controlled by periodic advective field with �e=�0,
1.5�0, 2.5�0, and 3�0 in Fig. 3. The tips of the two-armed
spiral do not drift but rotate around the center.

C. Periodic modulation of excitability

The excitability of the medium is modulated periodically
by setting the parameter b=b0+bf cos��bt+	�. The activator
reaction-diffusion equation becomes
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FIG. 2. �Color online� �a� The trajectories of the two tips of a
clockwise rotating two-armed spiral ��=−1� controlled by a peri-
odic advective field with �e=2�0, Ef =0.01. 
1 and 
2 are the drift
directions of the two tips, respectively. ��b�–�d�� Variation of the
drift direction 
1 with �1

0. �= �1 represent the chirality of the
spiral, �=1 for counterclockwise rotating spiral, while �=−1 for
the clockwise one.
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FIG. 3. �Color online� The trajectories of the two tips of a clock-
wise rotating two-armed spiral ��=−1� controlled by a periodic
advective field �Ef =0.01� with �a� �e=�0, �b� �e=1.5�0, �c� �e

=2.5�0, �d� �e=3�0. The total time of the simulations is 500.
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�u

�t
= � f�u,v�

�
�

b0

+ �2u −
1

�

u�1 − u�
a

bf cos��bt + 	� . �4�

In Refs. �22,29,30�, it was shown that a rigidly rotating
single-armed spiral drifts when the frequency of the modu-
lation is equal to that of the single-armed spiral. Here, we
will firstly investigate the dynamics of a two-armed spiral
induced by periodic modulation of excitability with �b=�0.
Figure 4�a� shows the tips trajectories of a two-armed spiral
when the medium is resonantly modulated. The two tips drift
in the opposite direction �
2−
1��� and the two-armed
spiral split into two single-armed spirals. In Figs. 4�c� and
4�d�, we plot the relation between the drift direction and the
initial phase of one of the spiral tips. Different from the case
of periodic advective field, the change of drift direction 
 j is
equal to that of � j

0, i.e., ��
 j�= ��� j
0�. This means that the

drift direction 
 j keeps invariant when the change of � j
0 is

2� �or −2��, see Fig. 4�d� for details.
However, when the amplitude of modulation is weak

�bf 0.0027�, the two-armed spiral is not split into two
single-armed spirals by periodic modulation of excitability
with �b=�0. In this case the two tips meander around each
other, see Fig. 4�b�. Our numerical results show that the two-
armed spiral can be split into two single-armed spirals when
bf �0.0028. Therefore we suppose that one may estimate the
strength of the interaction between the arms of a multiarmed
spiral by measuring the smallest amplitude of modulation bf
that can split a multiarmed spiral.

We also study the dynamics of the two-armed spiral when
�b��0. In Fig. 5, for examples, we give the dynamics of a

two-armed spiral under periodic modulation of excitability
with �b=0.5�0, 1.5�0, 2�0, and 2.5�0. The tips of the two-
armed spiral do not drift but meander.

For �b=0.5�0, second-order resonant drift of single-
armed spiral has been observed �13,31� in a surface chemical
reaction of CO oxidation and has been derived �29� in the
framework of a kinematic theory. Here, we do not observe
the second-order resonant drift of two-armed spirals �Fig.
5�a�� perhaps due to the interaction between the arms.

III. ANALYTIC METHODS

A kinematical model of spiral dynamics, aimed at the
weakly excitable large core limit, was proposed on a phe-
nomenological basis �29�. It has been helpful to rationalize
experimental facts. In Ref. �27�, an asymptotic derivation of
a kinematic theory of spiral wave motion in the weakly ex-
citable and free-boundary limit was presented. In this sec-
tion, we will explain our numerical results using the kine-
matic theory developed in �27�. The interaction between
spiral arms is caused by the unrecovered disturbance left by
former wave. Since the period of spiral waves is quite long
in the weak excitability limit, the interaction between spiral
arms of a two-armed spiral will be neglected in the following
analysis, for simplicity.

Consider a rigidly rotating two-armed spiral, the motion
of the jth tip obeys

zj�t� = R0ei���0t+�j
0�, j = 1,2, �5�

where zj�t�=xj�t�+ iyj�t� is the position of the jth spiral tip.
Equation �5� describes a two-armed spiral whose tips rotates
steadily at a frequency �0 around a circular core of radius R0.
Here �= �1 represent the chirality of the spiral, �=1 for
counterclockwise rotating spiral, while �=−1 for the clock-
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FIG. 4. �Color online� �a� The trajectories of the two tips of a
clockwise rotating two-armed spiral when the excitability of the
medium is modulated periodically with �b=�0, bf =0.0035. 
1 and

2 are the drift directions of the two tips, respectively. The two tips
drift in the opposite direction and the two-armed spiral splits into
two single-armed spirals. �b� The trajectories of the two tips of a
two-armed spiral with resonant modulation with bf =0.0027. Two-
armed spiral cannot be split into two single-armed spirals. ��c� and
�d�� Variation of 
1 with �1

0. The parameter are bf =0.003, �b=�0.
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FIG. 5. �Color online� The trajectories of the two tips of a clock-
wise rotating two-armed spiral ��=−1� when the excitability of the
medium is modulated periodically �bf =0.003� with �a� �b=0.5�0,
�b� �b=1.5�0, �c� �b=2�0, �d� �b=2.5�0. The total time of the
simulations is 500.
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wise one. � j
0 denotes the initial phase of the jth tip. For a

rigidly rotating two-armed spiral separated in equal phase,
we have �2

0−�1
0�� �see Fig. 1�e��.

Kinematically, the motion of the jth tip of a two-armed
spiral which is displaced from its steady-state position can be
written as

zj = �R0 + rj�t��ei���0t+�j�t��, �6�

where ���0t+� j�t�� is the phase angle of the jth tip, rj�t� a
slight displacement from its rigid rotating radius R0, and
� j�0�=� j

0. According to �27�, the equation for the radial mo-
tion of the jth tip satisfies

r̈ j + �0
2rj = �0

2�Rj , �7�

where Rj is the instantaneous radius of curvature of the jth
tip trajectory.

When the medium is submitted to a periodic advective
field E=Ef cos��et+	�, the influence of the advective field
on tangential velocity of spiral tip takes the form of �ct
=��E� +��E�. Then we have

�Rj = � �Rj

�ct
�

ct
0
���E� + ��E�� . �8�

Here ct
0 is the tangential velocity of the spiral tip without

external fields. Coefficients �� and �� are determined by the
properties of the medium, and can be expressed as ��

=� cos���, ��=� sin��� with �=arctan��� /��� a constant.
E� =−E sin��0t+� j

0� and E�=E cos��0t+� j
0� are the advec-

tive field component, respectively, parallel and orthogonal to
the tangential tip velocity.

The relation between Rj and ct has been given in �27�.
Therefore we have �Rj /�ct �ct

0 =3R0 / �2�c0−ct
0��, where c0 is

the propagating velocity of plane wave. The solution of Eq.
�7� for a periodic advective field E=Ef cos��et+	� with �e
=2�0 is given by

rj�t�
R0

= −
3

8

�Ef

�c0 − ct
0�

�0t cos��0t + 	 + � − � j
0�

+
3

32

�Ef

�c0 − ct
0�

sin�3�0t + 	 − � + � j
0� . �9�

The displacement rj�t� describes the jth tip drifting away
from the origin at a constant velocity combined with a cir-
cular motion. Therefore the drift of the rotation center of the
jth tip can be written as

zj
0�t� =

3

8

�EfR0

�c0 − ct
0�

�0t exp�i��� − 	 − � + 2� j
0�� . �10�

One can see that the drift direction 
 j is equal to ���−	
−�+2� j

0�, and thus we have

��
 j� = 2��� j
0� . �11�

This can explain our numerical results observed in Figs.
2�b�–2�d�. In Figs. 6�a� and 6�b�, we also give the relation
between the drift direction and the initial phase of a single-
armed spiral. The numerical results agrees well with the ana-
lytic results. For a rigidly rotating two-armed spiral with tips

separated in equal phase, we have ��2
0−�1

0���. Conse-
quently, the drift directions of the two tips are almost the
same since �
2−
1�=2��2

0−�1
0��2�. This is why the two

tips of a two-armed spiral drift in the same direction under
the influence of a periodic advective field with �e=2�0, see
Fig. 2�a�. From Eq. �10�, one can see that only the tips of
two-armed spirals drift in the same direction. The tips of
other multiarmed �e.g., three- or four-armed� spirals will drift
in different directions.

Following the same strategy, we can also derive the drift
behavior of the spiral tips when the medium excitability is
resonantly modulated by setting parameter b=b0
+bf cos��0t+	�. According to Eq. �7�, the radial motion of
the jth tip satisfies

r̈ j + �0
2rj = �0

2� �Rj

�b
�

b0

bf cos��0t + 	� . �12�

The solution can be written as rj�t�
=1 /2��Rj /�b�b0

bf�0t sin��0t+	�. It gives a linear drift of
the rotation center of the jth tip, which can be written as
�27,32�

zj
0�t� =

1

2
� �Rj

�b
�

b0

bf�0t exp�i���/2 − 	 + � j
0�� . �13�

Different from the case of periodic advective field, the drift
direction depends on the initial phase of spiral tip by one
time, 
 j =��� /2−	+� j

0�, and thus we have

��
 j� = ��� j
0� , �14�

which explains the numerical results observed in Figs. 4�c�
and 4�d�. In Figs. 6�c� and 6�d�, the relation between the drift
direction and the initial phase of a single-armed spiral tip is
given. One can see that the numerical results agree well with
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FIG. 6. �Color online� ��a� and �b�� Dependence of the drift of a
single-armed spiral by a periodic advective field ��e=2�0, Ef

=0.01� on the initial phase of the spiral. ��c� and �d�� Dependence of
the drift of single-armed spirals by periodic modulation of excitabil-
ity ��b=�0, bf =0.003� on the initial phase of the spiral.
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the analytic results. For a rigidly rotating two-armed spiral
with tips separated in equal phase, the difference of drift
directions �
2−
1� equals to the difference of the initial
phases of the two tips ��2

0−�1
0���. That is the reason why

the two tips of a two-armed spiral drift in the opposite direc-
tion when the excitability is modulated periodically with
�b=�0, see Fig. 4�a�.

Note that the initial phase of spiral tip was not taken into
account �was taken as zero� in Ref. �27� in deriving the drift
of single-armed spiral under external actions. Here, we see
that the initial phase plays an important role in explaining
our numerical results, see Eqs. �10� and �13� for details. Un-
der weak deformation approximation, we derived approxi-
mate formulae of drift velocities of dense spirals under ex-
ternal actions �28,30�. Thus, it is not suitable to study the
drift of spirals in weakly excitable media by using these for-
mulae. Nevertheless, the numerical results observed in this
paper can also be explained qualitatively by using these ap-
proximate formulae. In Ref. �28�, we gave the drift velocity
of a spiral induced by a periodic advective field with �e
=2�0, from which we can get the drift directions of the two
tips: tan 
 j =−� tan�	+� j +� j +� /2�, j=1,2. Here � j and
� j are two phase shifts and ��� j�= ��� j�= ��� j

0�. If the
change of the initial phase is ��� j

0�, then we have ��
 j�
= ��� j +�� j�=2��� j

0�, which is consistent with Eq. �11�. In
Ref. �30�, we derived the drift velocity of a spiral when the
medium is resonantly modulated ��b=�0� and we can obtain

the drift directions of the two tips: tan 
 j =−� tan�	+� j
−� /2�, j=1,2; thus we have ��
 j�= ��� j�= ��� j

0�, which is
consistent with Eq. �14�.

IV. CONCLUSIONS

We have investigated the resonant drift of two-armed spi-
rals by periodic advective field and periodic modulation of
excitability. When controlled by a periodic advective field
with �e=2�0, the two tips of the two-armed spiral drift in
the same direction and the two-armed spiral remain stable.
When the excitability is modulated periodically with �b
=�0, the two tips drift in the opposite direction and two-
armed spiral splits into two single-armed spirals if the
strength of the modulation is strong. If the modulation is
weak, the two-armed spiral will not split and the two tips
meander around each other. All simulation results are consis-
tent with the theoretical analysis based on a kinematic theory
of rotating spirals in weakly excitable media. Our theoretical
results is expected to be observed in experiments, such as the
BZ reaction.
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